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Abstract
The formulation of the Boundary Element Method on the Bézier-Bernstein basis is presented in this work. The
proposed method is geometrically based on both computer aid design (CAD) and isogeometric analysis (IGA),
but field variables are independently approximated from the geometry. This approach allows the appropriate
approximation functions for the geometry and variable field to be chosen. This formulation improves the
treatment of non-homogeneous boundary conditions. The standard formulation is modified by introducing the
boundary conditions in the integral kernels. The boundary conditions are implicitly defined through known
parameters depending on the geometry, rather than by prescribing nodal values as is done in the standard
formulation. The main advantage of this procedure is that the right-hand side of the system of equations is
integrated taking the exact distribution of loads into account. The application of the proposed method covers
the resolution of complex boundary value problems as optimization with uncertain data, material modelling
with graded impedance, and the definition of general boundary constraints.
Keywords: Boundary conditions; Element approximation; Computer-aided design; Acoustic impedance.

1

Introduction

Some recent applications of the BEM regarding the reliability analysis coincided with the importance of
achieving accurate and efficient numerical solutions [1, 2, 3, 4, 5, 6]. Accordingly, Vable [7] discussed the
various sources of errors in BEM that were classified as: i) formulation error, ii) interpolation error, iii)
integration error, iv) continuity error, v) collocation error, vi) matrix conditioning error, and vii) mesh error.
The interpolation error is one of the most important sources of error in BEM analysis [8] because of a lack
of precision in the geometry discretisation and the field variables approximation. The loss of accuracy in the
model discretisation is mainly given by the difficulty to represent the field variables through a polynomial
approximation. Hence, many authors have conducted improvements related to geometry representation
and field approximation. These studies covered the parametric representation of the geometry [9, 10], the
isogeometric approach [11, 12], and the spectral formulations [13, 14, 15, 16]. These publications have led to
progress in the formulation of the BEM.
This article presents an improvement in the treatment of boundary conditions based on the idea of developing
a reliable method for engineering analysis. The novelty of the proposed method lies in the modification of
BEM integral kernels to include the actual distribution of the boundary conditions instead of the polynomial
approximation used in the standard BEM formulation. Therefore, these terms of the integral representation
related to known values of the field variables are satisfied exactly since the exact distribution given by boundary
conditions is considered.
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The proposed method has been implemented in the BEM formulation based on the Bézier-Bernstein space
[17] to consider the exact boundary geometry. Also, this formulation allows the use of arbitrary high-order
elements. Thus, the proposed method presents some enhancements according to Reference [7]: i) low
interpolation error due to the use of high-order elements, ii) the collocation error is reduced because the
boundary conditions are implicit at the integration kernels, and iii) no mesh error since exact CAD model
geometry is considered.
The outline of the paper is as follows. In Section 2, the definition of boundary conditions in the BEM
is presented and the Bézier-Bernstein space is briefly described. The proposed method is verified in Section
3 from two benchmark problems with a known analytical solution. A numerical example is presented and
investigated in Section ??. Finally, the main results drawn from this research are summarised in the Conclusion
section.

2

Numerical model

In this work, we consider the Helmholtz equation, without loss of generality, to present the proposed
formulation. The governing equation in the bounded domain Ω with the piecewise smooth boundary Γ defined
by its normal outward n(x) is:
∇2 u(x)+κ2 u(x) = 0,

x ∈ Ω,

(1)

where u(x) is the velocity potential and κ > 0 denotes the wavenumber. The problem definition is completed
by setting the boundary conditions for on Γ = ∂Ω. Dirichlet and Neumann boundary conditions are defined
as u(x) = u(x) and q(x) = ∂u(x)/∂n(x) = q(x), respectively. Also, it is possible to adopt the Robin boundary
condition to gather the three types of boundary conditions in one expression:
α(x)u(x) + β(x)q(x) = γ(x),

x ∈ Γ,

(2)

where α(x), β(x) and γ(x) are known parameters along the boundary that allow the following definitions:
β(x) = 0:

u(x) = u(x) = γ(x)/α(x)

Dirichlet boundary condition

(3)

α(x) = 0:

q(x) = q(x) = γ(x)/β(x)

Neumann boundary condition

(4)

α(x) , 0, β(x) , 0:

q(x) = q(x) = (γ(x) − α(x)u(x))/β(x)

Robin boundary condition

(5)

We can see from the above definitions that the Neumann condition is a particular case of the Robin type when
α(x) = 0. Therefore, it is not necessary to distinguish between the two types of boundary conditions in the
S
problem definition. Then, the boundary is defined as Γ = Γu Γq according to the following definitions:
u(x) = u(x) = γ(x)/α(x) ,

x ∈ Γu ,

(6)

q(x) = q(x) = (γ(x) − α(x)u(x))/β(x) ,

x ∈ Γq .

(7)

It is assumed that κ2 is not an eigenvalue of ∇2 u(x) + κ2 u(x) = 0 subject to the homogeneous form of the
imposed boundary conditions.
2.1. Boundary element formulation
The basic integral equation is the starting point as we introduced before, which can be written as follows
[18]:
!
Z
∂u(x)
∂Ψ(x, ξ)
Ψ(x, ξ) − u(x)
dΓ(x) ,
(8)
c(ξ)u(ξ) =
∂n(x)
Γ ∂n(x)
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where ξ is the collocation point, q(x) = ∂u(x)/∂n(x) is the normal flux, Ψ(x, ξ) is the fundamental solution
(the Hankel function H0(1) (κ|x − ξ|)) at point x due to a point source located at ξ, and the integral-free term c(ξ)
depends only on the boundary geometry at the collocation point ξ. The dependence on the wavenumber κ has
been omitted intentionally in the above equation for simplicity of notation.
The basic integral representation implies that the potential u(ξ) is obtained by integrating the field variables
u(x) and q(x) over the boundary Γ, weighted by the fundamental solution Ψ(x, ξ). Typically, the accuracy in
the computation of u(ξ) depends on the approximation of the field variables at the boundary, and it is also
conditioned by the precision of the integration scheme to solve Equation (8). The accuracy in the computation
of u(ξ) will only rely on the precision of the quadrature rule when the field variables represent the actual solution
at the boundary. This topic is discussed below.
S
Following the scheme depicted in section ??, the boundary is discretised into N elements with Γ = Nj=1 Γ j .
Thus, Equation (8) is rewritten as follows:
c(ξ)u(ξ) =

N Z
X
j=1

Γj

!
∂u(x)
∂Ψ(x, ξ)
Ψ(x, ξ) − u(x)
dΓ .
∂n(x)
∂n(x)

(9)

Equation (9) represents the discretised basic integral representation for u(ξ), which is computed as a piecewise
integration of the field variables over the boundary. The field variables within an element Γ j are interpolated
from the nodal values uk using element shape functions φk (x) of order p:
u(x) =

p
X

φi (x)ui = φ(x)ue .

(10)

i=0

Then, the element approximation is substituted into Equation (9) to yield the following expression:
c(ξ)u(ξ) =

N " Z
X
j=1

! #
!
Z
∂Ψ(x, ξ)
∂ue
−
φ(x)
dΓ ue .
φ(x)Ψ(x, ξ) dΓ
j
j
∂n
∂n(x)
Γ
Γ

(11)

In this case, the basic integral Equation (11) differs from Equation (9) because the potential u(ξ) is given by
integration of field nodal values interpolated by the element shape functions. The accuracy is constrained by
the element approximation and should be lower than in Equation (9), even if ue takes the exact value of the field
variable u(x) at nodal positions unless the element approximation of the field variables is exact. Therefore, the
element approximation implies a loss of accuracy in the evaluation of the integral representation.
Finally, the collocation method allows the definition of a system of equations that relates nodal values u and
q over the boundary:
Hu = Gq ,

(12)

where H and G are the fully non-symmetrical boundary element system matrices. After boundary condition
have been prescribed, Equation (12) is rewritten as AX = b [19], where A is the matrix of coefficients, X
collects the unknown nodal values, and b is the right-hand side.
Our concern begins with the approximation of the right-hand side of the system of equations. This term is
computed from the rearrangement of Equation (11) according to the boundary conditions, as:
!
!
Z
X Z
∂ue X
∂Ψ(x, ξ)
b(ξ) =
φ(x)Ψ(x, ξ) dΓ
−
φ(x)
dΓ ue ,
(13)
∂n
∂n(x)
Γj
Γj
j
q
j
u
Γ ∈Γ

Γu

Γ ∈Γ

Γq

where
and
denote those parts of the boundary where Dirichlet and Robin (or Neumann) conditions are
respectively defined. In this equation, the element approximation is used to interpolate the field variable u(x),
and its derivative, through the nodal value ue and the element shape functions φ(x). Following this procedure,
the boundary conditions are prescribed as known nodal values, but the approximation of the field variables
through element shape function implies a loss of accuracy in the collocation method, as we mentioned above.
3

Therefore, this approach does not seem to be sufficiently justified for the application of boundary conditions,
given that the distribution of field variables is fully known.
The novelty of the proposed method derives from this lack of accuracy. Thus, the actual distribution of u(x)
is included in the integration kernels of Equation (13). Moreover, the definition of boundary conditions given
by Equation (2) is used to develop a more general method. The basic integral representation of u given by
Equation (9) is modified as follows, according to the boundary conditions given by Equation (2):
c(ξ)u(ξ) =

X Z
Γj

Γ j ∈Γu

−

X Z
Γ j ∈Γq

Γj

X Z γ(x) ∂Ψ(x, ξ)
∂u(x)
Ψ(x, ξ) dΓ −
dΓ
j α(x) ∂n(x)
∂n(x)
Γ j ∈Γu Γ
!
X Z γ(x)
α(x)
∂Ψ(x, ξ)
Ψ(x, ξ) +
u(x) dΓ +
Ψ(x, ξ) dΓ .
β(x)
∂n(x)
Γ j β(x)
j
q

(14)

Γ ∈Γ

Once the element approximation given by Equation (10) is introduced in the above equation, it becomes:
!
∂ue
φ(x)Ψ(x, ξ) dΓ
∂n
Γj
Γ j ∈Γu
(
!
)
Z
X
α(x)
∂Ψ(x, ξ)
+
Ψ(x, ξ) +
φ(x) dΓ ue
j
β(x)
∂n(x)
Γ
Γ j ∈Γq
X Z γ(x) ∂Ψ(x, ξ)
X Z γ(x)
Ψ(x, ξ) dΓ −
dΓ .
=
Γ j α(x) ∂n(x)
Γ j β(x)
j
u
j
q

c(ξ)u(ξ) −

X Z

(15)

Γ ∈Γ

Γ ∈Γ

Equation (15) has been rearranged according to the boundary conditions. It should be noticed that the righthand side of this equation does not depend on the element approximation and, therefore, higher accuracy than
a standard formulation is expected. After all known u(ξ) for ξ belonging to Γu are passed to the right-hand side,
the following system of equations is obtained:
AX = b .

(16)

The solution for the system of equations gives unknown nodal values of u(x) and q(x) at the boundary.
Afterwards, the potential u(ξ) at internal point ξ in the domain Ω can be computed from Equation (15), making
the free term c(ξ) = 1. The solution at internal points also benefits from the proposed treatment of the boundary
conditions.
This approach has the following advantages over the standard BEM formulation: i) the computation of the
right-hand side is independent of the element approximation; and ii) the Robin boundary condition is implicitly
considered in the element matrix through parameters α(x), β(x) and γ(x) keeping the spatial information, instead
of a relationship between nodal variables as is done in the standard BEM formulation. Therefore, the proposed
method has high accuracy as will be shown in the next section.
Although the proposed method is valid for any BEM formulation, it is implemented in the BEM formulation
based on the Bézier-Bernstein space [17] to show its capabilities. The next section summarises the main ideas
for the method.
2.2. The BEM formulation in the Bézier-Bernstein space
The Bézier-Bernstein space is used to describe the exact boundary geometry and to approximate the field
variables. It is based on the application of polynomials in Bernstein form, that grows with the development of
Bézier curves rn (t) in computer-aided design.
The Bézier curve is defined over the interval t ∈ [0, 1] as:
rn (t) =

n
X
k=0

4

bk Bnk (t),

(17)

where bk are the control points used to approximate the geometry and n the curve degree. The de Casteljau
algorithm is often used for evaluating and splitting a Bézier curve rn (t) at a given point t [20]. Although the de
Casteljau algorithm allows an easy evaluation of a Bézier curve, it is computationally expensive. An efficient
curve computation is achieved using the polar form (or blossom) of a Bézier curve rn (t) [21], which defines a
multi-affine transformation satisfying:
bk = R(0, . . . , 0, 1, . . . , 1),
| {z } | {z }
n−k

(18)

k

where R(t1 , . . . , tn ) is computed as:
X

R(t1 , . . . , tn ) =

Y

(1 − ti )

i∈I
I∩J=∅
I∪J={1,2,...,n}

Y

t j b|J| .

(19)

j∈J

Thus, a polynomial in Bernstein form can be formulated in the polar form, substituting Equation (18) into
Equation (17) as follows:
rn (t) =

n
X
k=0

R(0, . . . , 0, 1, . . . , 1)Bnk (t) = R(t, . . . , t).
| {z } | {z }
n−k

(20)

k
j

The Bézier-Bernstein space is used to describe the exact element geometry as Γ j (x) = rn (t). Hence, the
element integrals in Equation (15) are rewritten in the univariate basis t ∈ [0, 1] as [17, 22]:
Z
Z 1
j
drn (t)
dt,
(21)
f (x, ξ) dΓ =
f (x(t), ξ)
dt
Γj
0
where f (x, ξ) represents the integration kernels. Moreover, Equation (21) can be transformed into the
integration interval [−1, 1] to employ a Gauss-Legendre quadrature.
Moreover, the proposed method employs the Lagrange interpolant relative to the Bernstein basis for the
field variable approximation to an element [23]. The field approximation given by Equation (10) interpolates
n + 1 nodal values through the element shape functions Pin = φi of order n, for i = 0, . . . , n. The proposed
element is defined by the nodal positions t j in the univariate basis. The Lagrange interpolant Pin derived from
the Bernstein basis must fulfil the following condition at element nodes t j :
Pin (t j ) = φi (t j ) =

n
X

cik Bnk (t j ) = δi j ,

j = 0, . . . , n,

(22)

k=0

cik

where,
are the control points used to define the Lagrange polynomial Pin . This condition is commonly
expressed as a linear system of equations through the Bernstein-Vandermonde matrix Ai j = Bni (t j ) as:
 i   
 n
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Thus, the element shape function φi is defined by control points obtained from the solution of (23).
Then, the field approximation given by Equation (10) in the univariate basis t becomes:
 n

p
p X
p

X
X
X



i
i
i n  i
φ (t)u =
u(t) =
ck Bk (t)
u =
Ri (t, . . . , t)ui ,





i=0

i=0

i=0

k=0
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(23)

(24)

where the evaluation of the element shape function φi (t) also benefits from the computational advantages of
using the polar form Ri (t1 , . . . , tn ) according to Equation (19).
Once the geometry and the field approximation given by Equations (20) and (24) are introduced in Equation
(15), the boundary integrals are computed using a standard Gauss-Legendre quadrature with p + 1 integration
points whenever the collocation point is sufficiently distant from the integration element. Otherwise, the
solution of singular or weakly singular integrals is numerically computed using a smoothing transformation
using a Gauss-Legendre quadrature [24].

3

Numerical verification

In this section, we analyse the performance of the proposed method for solving the Helmholtz equation in a
square boundary Ω := [−1, 1] × [−1, 1] at a high wavenumber κ = 100 rad/m. Four linear Bézier patches were
used to define the boundary geometry:
Γ1 := [−1, 1] × [−1, −1] , Γ2 := [1, 1] × [−1, 1] , Γ3 := [−1, 1] × [1, 1] , Γ4 := [−1, −1] × [−1, 1] .

(25)

The proposed method was then tested in two benchmark problems. Different boundary conditions were chosen
such that the exact solution satisfies uI (x) = exp(ικd · x), where the polarised direction was set to d = [1, 1], and
the unit imaginary number was denoted by the Greek letter ι to prevent confusion with some subscripts used in
the paper. Numerical results were compared with a reference solution using the l2 scaled error 2 to assess the
accuracy.
A convergence investigation was carried out for several element lengths h with successive p−enrichment.
Three different discretisation schemes were tested with element lengths given by κh = 7.5, κh = 3 and κh = 1.
The element shape functions were obtained from the interpolation functions defined at Chebyshev points of the
first kind [17]. The element order was increased until convergence was reached. For this purpose, we considered
that the problem solution was properly approximated if the error satisfied log(2 (h, p − 1)/2 (h, p + 1)) ≤ 1.
The accuracy of the proposed method was compared with a standard BEM formulation (11). The type of
element and the integration scheme was the same in both methods. Only the treatment of boundary conditions
was modified.
3.1. Example 1
In this example, Dirichlet and Neumann conditions were prescribed on the boundaries Γ1,3 and Γ2,4 ,
respectively. The boundary conditions were prescribed as follows, according to Equation (2):
α(x) = 1 ,

β(x) = 0 ,

γ(x) = uI (x) ,

x on Γ1,3 ,

(26)

α(x) = 0 ,

β(x) = 1 ,

γ(x) = ∇u (x) · n(x) ,

x on Γ2,4 .

(27)

I

The right-hand side in Equation (15) was computed from the parameters α(x), β(x) and γ(x) which are
included in the integration kernel, as we stated before. Therefore, these terms of the BIE were computed
without loss of accuracy due to the element approximation. However, if Equation (13) is considered, the righthand side of the system of equations is integrated making an approximation of the boundary condition at the
nodal position interpolated by the element shape function.
Figure 1 shows the result of the convergence investigation. First, the l2 scaled error 2 was evaluated over the
boundary from the nodal solution. The convergence rate improved as the boundary discretisation became finer
in all the studied cases. The proposed method and the standard BEM formulation gave a similar approximation
as can be seen Figure 1.(a), with the lowest error O(10−10 ) being achieved for the finest mesh. However, the
accuracy of the two methods in terms of computing the domain solution at the internal point was quite different
(Figure 1.(b)). The convergence of the proposed method was much better than in the standard formulation
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because of the higher accuracy in the right-hand side computation. Moreover, the domain solution was more
accurate than the boundary solution since it was computed from the nodal values previously obtained and the
prescribed boundary conditions, without any polynomial approximation along with the elements. The lowest
error was O(10−12 ).
For comparison purpose, the potential at the internal point ξ = (0, 0) was computed from the discretised
basic integral equation (Equation (9)) using the exact solution for the field variables over the boundary. The
solution computed in this way is the best available solution since the BIE was integrated from the exact field
distribution. The accuracy of this solution was related to the element order p which defined the number of
integration points (see Section 2). Therefore, the hp-refinement provides a piecewise integration scheme with
variable order according to p. Figure 1.(b) uses shaded lines to show the computed error. The lowest error
was considerably lower than in the previous cases. The proposed method approximated to the best solution
particularly for medium and small element lengths. Note that the exact solution uI (x) has been used to assess
the solution at the internal point, instead of the numerical result computed with the BEM, to avoid the inherent
inaccuracy of the method.

(a)

(b)

Figure 1: L2 scaled error 2 for different κh discretisations obtained by the proposed method (solid lines) and a
standard BEM (dashed lines): (a) over the boundary, and (b) at the internal point ξ = (0, 0) (the best solution at
this point is represented in shaded lines).

3.2. Example 2
The second example analyses the ability of the proposed method to represent Robin boundary conditions
given by the following expression [25]:
ικu(x) + ∇u(x) · n(x) = g(x) ,

(28)

where g(x) was chosen accordingly to uI (x) = exp(ικd · x). This condition set the parameters in Equation (2) as
follows:
α(x) = ικ ,

β(x) = 1 ,

γ(x) = ικuI (x) + ∇uI (x) · n(x) ,

x∈Γ.

(29)

The solution computed with the standard BEM was obtained by substituting the flux given by q(x) = (g(x) −
ικu(x)) into Equation (12). This expression gave a node-to-node relationship of the field variables. Then, the
system of equations was of the form:
(H + ικG)u = Gg

7

(30)

where g is a vector that collects the value g(ξ) at each collocation point.
Figure 2 shows the computed errors in both cases. The convergence rates have similar behaviour to that
in the above example. In this case, the standard BEM formulation gave a little bit more precision for some
cases than the proposed method in the boundary solution, due to the integral kernels’ complexity being higher
than in the standard formulation. Some additional tests have shown an improvement of the boundary solution
by increasing the number of integration points according to the kernel complexity. Once again, the domain
solution computed with the proposed method was much better than that obtained by the standard formulation.
The discrepancies in the two methods are due to the treatment of boundary conditions in each case. The solution
converged to a minimum error O(10−11 ).

(a)

(b)

Figure 2: L2 scaled error 2 for different κh discretisations obtained by the proposed method (solid lines) and a
standard BEM (dashed lines): (a) over the boundary, and (b) at the internal point ξ = (0, 0).
This analysis has depicted the loss of accuracy in the BIE caused by the approximation of boundary
conditions from nodal values using element shape functions. The proposed method gave a better approximation
than the standard formulation of the BEM, particularly at internal points in the domain. Therefore, it was
demonstrated that the proposed treatment of non-homogeneous boundary conditions is suitable for the
development of the BEM.

4

Conclusions

This work has proposed a new treatment of boundary conditions to improve the accuracy of the BEM.
The boundary conditions were defined as the type of Dirichlet, Neumann and Robin conditions, using known
parameters along the boundary that were included in the integral kernels. This procedure avoided the element
approximation and allowed the domain geometry and boundary conditions to be considered exactly in the
computation of the right-hand side of the BEM system of equations, as opposed to the standard formulation,
which interpolates the boundary conditions from nodal values using the element shape functions. The proposed
method was implemented in the BEM formulation based on the Bézier-Bernstein space, which allowed an
independent approximation of the geometry and the field variables. However, the method can be extended to
other BEM formulations.
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