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ABSTRACT

In this work, a new analytical approach for the analysis of multilayer rubber
bearings is proposed. The method is based strictly on fulfilment of the equations of
internal equilibrium that are almost independent of the shape of the boundary.
The approach depends only on static values such as the area and moments of
inertia of the contour shape. Previous studies have also considered the rigorous
fulfilment of the equations of internal equilibrium, both in statics and in dynamics,
as well as their application in the industry. Although these approaches report
solutions that also satisfy the equilibrium equations at the boundary, they have
only been applied to circular and annular cross-section shapes, as opposed to the
greater generality of the solutions presented in this work. The analytical solutions
obtained here are also mathematically very simple compared with those of
previous studies. This approach can be used in the context of configurations
designed to isolate vibrations and to optimize, in a simple way, the elastics
parameters of multilayer rubber bearings. Results obtained using the proposed
approach are compared with those obtained through the finite element method.
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1. INTRODUCTION

In this work a new analytical approach for the analysis of multilayer rubber
bearings which are widely used in civil, mechanical, and automotive engineering
applications, is applied to the study of the transmissibility of forces and displacements
in a multilayer structure.



In 1954, Freyssinet [1] proposed the idea of reinforcing rubber blocks with thin
steel plates. These rubber bearings combine the vertical stiffness of a rubber pad and the
horizontal flexibility of rubber reinforced by thin steel plates perpendicular to the
vertical load.

Evaluation of the horizontal, vertical, and bending stiffnesses is very important
to predict the dynamic response and to design efficient applications of multilayer
elastomeric bearings. Research on the proper design of these vibration-isolation systems
for buildings, bridges, nuclear facilities, and other kind of structures has also been
reported more recently. They have included theoretical, numerical and experimental
studies [2, 3, 4], although they used different approaches and assumptions [5]. Among
them are the works of Gent and Lindley [6] and Gent and Meinecke [7], in which they
assumed use of an incompressible material, and the studies by Chalhoub and Kelly [8,
9, 10], in which the material was treated as compressible. Although these approaches
have presented rigorous solutions to the vibration problem, they have limitations [11].
In all of these works, two types of assumptions were made: kinematic assumptions
about deformation and assumptions about the state of stress, which led to the
approximate fulfillment of the internal equilibrium equations and rigorous fulfillment of
the equilibrium equations at the boundary. These kinds of solutions depend on the shape
of the boundary and present some mathematical complexity. Using a different approach,
simplified formulae have also been presented to facilitate the design of elastomeric
bearings [12]. Research on multilayer bearings continues, including theoretical and
applied studies [13, 14, 15].

The method used in this paper [16] is based strictly on fulfilment of the
equations of internal equilibrium that are almost independent of the shape of the
boundary. The approach depends only on static values such as the area and moments of
inertia of the contour shape. Previous studies have also considered the rigorous
fulfilment of the equations of internal equilibrium, both in statics and in dynamics, as
well as their application in the industry. Although these approaches report solutions that
also satisfy the equilibrium equations at the boundary, they have only been applied to
circular and annular cross-section shapes, as opposed to the greater generality of the
solutions presented in this work. The analytical solutions obtained here are also
mathematically very simple compared with those of previous studies. This approach can
be used in the context of configurations designed to isolate vibrations and to optimize,
in a simple way, the elastics parameters of multilayer rubber bearings

The paper has been organized as follows. In the introductory section both the
problem and the solution approach are presented. In the second section a harmonic
analysis of a problem consisting of two floating sheets and two floating slabs is
presented. The cases of transmissibility of forces and displacements are studied. Section
3 presents a numerical example and the conclusions are presented in the last section.

2. HARMONIC ANALYSIS

Consider the structure showed in figure 1, where two rectangular Cartesian
coordinate system are defined relative to an origin located at Q,y Q2 , respectively . Gy y
G, are the mass center of the plates 1 and 2, O; and O; is the center points of the lower
face of the plate (upper face of the elastics layers). Thus u(x, y,z, t), v(X, y,z, t), and w(X,
y,z, t) are the displacements of the points of the elastic layer as a function of the
coordinates x, y, z and time t.



Note that h = m/ppA is the thickness of each plate, where m and p, are the mass

and density, respectively. The elastic properties of the elastic layer materials are
described by its Poisson’s ratio (v), Young’s modulus (E), bulk modulus (x), shear
modulus (G), Lame’s first parameter (1), and P-wave modulus (M).
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Figure 1. Geometry of the problem

Usually, there are two types of problems: the transmissibility of forces and the

transmissibility of displacements.

The following assumptions are made:

1.

2.

3.

B

No slip is allowed at the bonding surface between the plates and the elastic
layers or between the elastic layer and the rigid foundation.

The plates stiffness is much greater than that of the elastic layers, so the plates
can be considered a two rigid bodies.

The thickness of the elastic layers are much lesser than their lateral dimensions.
The displacement gradients in the elastic layers remain sufficiently small
throughout the subsequent deformations, so it is permissible to apply the
classical linear theory of elasticity.

For harmonic analyses, the damping of the plates can be neglected, and the
damping of the elastic layers can be determined from the imaginary part of their
elastic parameters.

Since the plates are assumed to be two rigid bodies, we can use the fundamental
equations for the motion of rigid bodies in three dimensions [16].

The equations that describe the transmissibility of forces are

FXZ,Q2 + Fleol = mﬁcl (1)
FYZ.QZ + FY1,01 = mijgl (2)
FZ2,Q2 + FZl,Ol = mWGl (3)

= Ixq, éxcl (4)

MXZ:Qz—M;l + MX1,01—>61



MYZ,Q2—>61 + MY1,01_>61 = IYG19YG1 (5)

Mz, yc, T Mzy g, 6, = Izcléza1 (6)
Fxext + Fx,,, = mil, (7
Fy ext + FYM2 = mvg, (8)
Fzext + Fz,,, = mwg, )
My ext—c, * Mx,, o = IXGZéXGz (10)
My ext—c, + My, ¢, = chzéyaz (11)
Mz ext-c, + Mz, o, = Iza, éZGZ (12)
where the principal centroidal moments of irjqertia of the plate are
(13)

IXGJ' =m-=

m © )
IYGJ-ZIZGJ-:E(A"‘h)

FZZ'Q2 is the component Z of the forces transmitted by sheet 2 through the surface
where is Q,; Mz 0,6, is the component Z of the moment resulting from the forces

transmitted by sheet 1 across the surface where is 0,and reduced to G, and My .y, IS

the component X of the moment resulting from the forces transmitted from the outside
and reduced to G,.

Equations 1 to 6 correspond to the dynamic equilibrium of slab 1 as a rigid solid.
It should be noted that in the case of transmissibility of displacements, the terms due to
the contribution from the outside disappear in equations from 7 to 12.

(FX,ext' FY,ext: FZ.ext' MX,ext—»sz MY,ext—>62 y MZ.ext—>Gz)
To determine the linear and angular displacements of the mass center, we use
the following linear approximation [16] between two points P and Q of a plate

u u L (14)
{v} z{v} +6 X QP

W/ p W7o

is taken as reference for the calculation of the rotations of the plate j at point O;, which
is the same as that of the point Qj.;.

We consider that the movements for each plate j, are given by the following equations

uj(x»y,zf t) = ei'wtfuj(x)guj(y' Z)
v(x,2,t) = €, /(%) 9y, (2) (15)
wj(x,y,t) = e £, () g (¥)
Next, the general methodology explained in [18-19], will be applied to the two basic

problems of transmissibility (displacements and forces). The boundary conditions given
by the following equations for each plate j can be considered:

u;(x = 0,y,z1t) = el (z Oyq, — ¥ O2q, + qu)
vi(x = 0,y,2,t) = ' (—Z BXQ]. + vQ].)



wi(x = 0,7,7,6) = et (y Oyq, +wo, ) (16)

(In the case of force transmissibility, the six movements of the plate j = 1 are null).
Substituting equations 15 into the Lamé-Navier equations in Cartesian coordinates [17],
we obtain the equations of the displacement in each plate j as
u;(x,y,2,t) = et (Sin(kpx)(d_5+6j +yd_4i6) + 2d_346)) 17)
+ Cos(kpx) (z HYQJ. -y HZQ]. + qu))
. (—Cos(kpx) + Cos(ksx)) d_4+6j — Sin(k,x) 020,

vi(x,y,z,t) =e k, (18)
4 it (Sin(ksx)(zaz6  + d_gu)Cos(ksx) (~2 By, + ij))
~ (—Cos(k,x) + Cos(kgx) ) d_346; + Sin(k,x) Byq.
m@yzﬂ=éﬁ( () ) dosvey + Sinlly) AT

kp
+ei(.0t (Sln(ksx)(_yd6] + d—1+6j) + Cos(kgx) (y HXQ]- + WQ]))

To express the 12 equations of dynamic equilibrium (1-12) as a system of 12 linear
algebraic equations with 12 unknowns d; (i = 1, ... 12), we must:

1) Bear in mind that, in the problem of transmissibility of movements,
Uq,, Vq,» Wq,, Oxq,» Ovq, ¥ 0zq, are known values (the movements to be transmitted
and that they want to be reduced), while in the problem of transmissibility of forces
these values are zero to be able to calculate the reactions transmitted to point Q,,
which will be expressed in terms of the 12 unknowns di (i=1,...,12). Thus, with the
stress field in layer 1:

(RFX’ Rpy, RFZ) = -UA(_O-x’ Ty _sz)x=x del punto Q;de lamina 1 dA
(Rmx» Rmy, Ruz)= ﬂA(ZTxy -
YTxz) —Z0y, yax)

(20)

x=x del punto Qqde lamina 1

2) The rest of the forces exerted on the two plates will be expressed according to the 12
unknowns d; (i=1,...,12), such that:
a) Plate 1:
i)  With the stress field of layer 1:
(Frty 0,0 Fry 00 Fra0,) = Sy (=020 =Ty, _sz)xzx det punto 0; 4 (21)
h h
(MX1,01—>G1‘ MYl‘olﬁ(;l: MZ1,01—>61): ffA (ZTxy —Ylxz — Esz - ZUx;ETxy +

yax) dA

x=x del punto Oq

i) With the stress field of layer 2:



FXZ,Qz’ FYZ:QZ' FYZ:QZ) - fL(_er ~Tay _sz)x=x del punto Q, dA

h h 22
(MXZ,Q2—>G1) Myz‘QzﬁGl,Mzlezﬁcl): ffA (z-rxy = YTaz 5 Taz = Z0x =5 Ty T (22)
dA
yax)x=x del punto Q
b) Plate 2:
I) With the stress field of layer 2:
(FX2.02’ Fry 0,0 Fyz,OZ) - HA(_Gx' Ty _sz)x=x del punto O, a4 (23)

h h
(MX2,02—>(;2' MY2,02—>GZ’ MZz,ozﬁcz)_ .UA (ZTxy —VTxz — Esz - ZO—x:ETxy +

yax) dA

x=x del punto O,

3) In addition, when performing the previous integrals, so that only 12 unknowns
remain, it is necessary to use these equations, where the term e!®t has been omitted:

- Between points O; and Q; of each layer j, from the field equations
ui(x,y,zt),v;(x, 5,z t),wj(x,y,z,t)at x=e,y=0,z=0 the following
equations are obtained:

uo,; = Sin(kpe) d_s;6j + Cos(kpe) uq,

d_siei 070 .
Vo, = Sin(kse)d_516; — Cos(kpe) ;+6] - Sin(kpe)%
p p (24)
d_4r6j
+ Cos(kse) + vq,
k, J
d_si6i Oyq,
wo; = Sin(kse)d_q46j + Cos(kpe) <— ;+6}> + Sin(kpe)< ZQ]>
d p p
—3+6j
+ Cos(kse) ( k, + ij>
- Between the mass center G; of plate j and point Q; of layer j, and using the
kinematic equations for the rigid plate j, we get:
ug; = Sin(kpe) d_s.6j + Cos(kpe) uq,
d ... h0z.
vg, = Sin(kse)d_;.6; + Cos(kpe) S S 29,
g Kp 2 (25)

hd_s.e; 97q; d_siei
+ Sin(kpe) <— 24+6] — k:}> + Cos(kse) < ;:6] + ij>



d_..: hOyq.
wg; = Sin(kse)d_y.6; + Cos(kpe) <_ lj+6] 2 QJ)

hd_ . Bvo.
+ Sin(kpe) <— 23+6] + ZQJ>
p

donsr:
+ Cos(kse) < 3+ 4 WQJ.>
Ky

p

Now, for the rotations we obtain:
BXG]' = —Sin(kse)dﬁj + COS(kse)HXQJ.

HYGJ. = Sin(kpe)d_3+6j + Cos[kpe]HYQj
HZGJ. = —Sin(kpe)d_4+6j + Cos[kpe]HZQj

(26)

- Between points Q;,, y Q; associated to each plate j, from the equations for the
rigid plate j and the field equations wu;(x,y,zt),v;(x,y,z,t),w;(x,y,z,t) at
x =e,y =0,z = 0, the following equations are derived:

Uqj,, = Sin(kpe)d_5+6j + Cos(kpe)qu

: d_s+6j
vq;,, = Sin(kse)d _o16) + Cos(kye) <— k; ) esz> (27)
02q; d_4i6i
— Sin(kpe) <h d_ysi6j + k—QJ> + Cos(kge) < I;HG] + ij>
P P
e d_346j
wq,,, = Sin(kse)d_y,6; — Cos(kpe) % + h Byq,
. HYQ,- d—3+6j
+ Sin(kye) | —h d_z46 + - )+ Cos(kge) +wy,
p P

HXQJ.H = —Sin(kse)dq; + Cos(kse)GXQj
t9YQ].+1 = Sin(kpe)d_3+6j + Cos(kpe)HYQj
02q;,, = —Sin(kpe)d_s46; + Cos(kye)bzq,

(28)

Once equations 1 to 12 have been expressed as a function of only 12 unknowns, di, for
each frequency, we can now solve the system of linear equations and obtain their value.

a) For the problem of transmissibility of displacements: the first step is to apply
equations 28 and 27 with j = 1 to obtain the six movements of the point Q..
Then, these equations are applied again with j = 2 to determine the movements
of point Qs.

b) For the problem of transmissibility of forces, we try to apply equations 20 to
determine the six components of the reaction.



3. NUMERICAL EXAMPLE
An application of the described methodology has been performed to test the
theory presented above for the structure shown in figure 1 with two solid plates

(m = 8kg,h = 0.0255 m.and A = 0.04 m? ) and two elastic layers (p = 20 k—g3,e =
m
0.003m,M = 143951 Pa,v = 0.45).

3.1 Transmissibility of forces
Figure 2 shows the frequency-dependent force transmissibility function.

Transmissibylity Forces

10° 102 10°
Frequency (Hz)
Figure 2. Transmissibility of forces 1. Rex/Fxext , 2. Rev/Fyex @s @ function of frequency.

3.2 Transmissibility of displacements
Figure 3 shows the frequency-dependent displacement transmissibility function
for u, v and w.

Transmissibility of Displacements

10! 10?2 10°
Frequency (Hz)
Figure 3. Transmissibility of displacements 1. w3 ,ugq 2. Vo3/v913- Wo3/We1 as a function of

frequency.

4. CONCLUSIONS

A new analytical approach for the analysis of multilayer rubber bearings has
been proposed. The method is based strictly on fulfilment of the equations of internal
equilibrium that are almost independent of the shape of the boundary. The approach
depends only on static values such as the area and moments of inertia of the contour
shape. This method has been applied to solve a simple problem of transmissibility of
forces and displacements with only two elastic layers and two plates. However, it is
possible to generalize the formulation for any number of layer/plate combinations.
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