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ABSTRACT 

Acoustic black hole (ABH) effect in thin-walled structures provides drastic wave 

focalization generating local areas with high energy density. The concentrated wave 

energy in practical ABH structures can be dissipated by introducing a very small 

amount of damping layer. In this work, topology optimization of the damping layer 

is conducted to achieve maximum energy dissipation. The coupled model of the ABH 

plate with a damping layer is discretized by finite elements. The material parameters 

of each element of the damping layer indicating the presence or absence of material 

are used as topology design variables. The viscous dissipation of the damping layer 

under a burst tone excitation is calculated as the objective function. The 

optimization problem is solved using the optimality criteria. Finally, numerical 

results show the necessity of optimization design when the size of damping layer is 

small. 
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1. INTRODUCTION  

The Acoustic Black Hole (ABH) phenomenon in thin-walled structure providing 

drastic wave trapping [1,2] has drawn wide attentions. Practical ABH structures always 

have inevitable flaws, such as truncation in one-dimensional ABH beams [3-5] or central 

plateau in two-dimensional ABH plates [6-8], which adversely affect the wave trapping 

effect. However, the imperfect ABH structures still provide local area with high energy 

density and  strong energy focalization effect. A very small amount of damping layer 

introduced in the area where the energy is concentrated can effectively dissipate the 
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energy [3,4,9,10]. Both the energy focalization and dissipation effect of the imperfect 

ABH structures are of essential importance for engineering applications.  

The authors’ previous researches reported the energy focalization phenomenon in 

imperfect ABH indentations[7,8]. Specifically, the position of energy focalization is off 

the central part of the indentation and strongly depends on the geometrical parameters 

introduced by the flaws. For most of the ABH indentations, circular additional layers are 

conducted covering the central part of the ABH area [11,12] for wave manipulation. It 

can possibly lead to less effective and cost-inefficient energy utilization of the additional 

layers. A more reasonable layout of the damping layer, especially in the plate structures 

with imperfect ABH indentations, is valuable for achieving energy dissipation effect. 

Therefore, it is necessary to investigate the optimal design of damping layers.  

The layout optimization, also called topology optimization, is conducted to design 

the shape and distribution of the damping layer in this work. We aim to find the damping 

layer that can maximize the viscous dissipation in the ABH plate. The optimality criteria 

(OC) method are conducted to solve the optimization problem. It is especially efficient 

for problems with large numbers of design variables and few constraints [13,14]. The 

structural topology optimization are mostly element based. The initial model of the ABH 

plate covered with damping layer is discretized using a finite element (FE) mesh. The 

viscous dissipation of each element of the damping layer is calculated using the 

commercial FE software ABAQUS. Section 2 is devoted to describe the topology 

optimization problem. In Section 3, Numerical cases and results are presented and 

discussed. Conclusions are drawn in Section 4. 

 

2. THE TOPOLOGY OPTIMIZATION PROBLEM  

To achieve maximum viscous dissipation in the imperfect ABH indentation, the 

damping layer is designed by topology optimization. The OC method and the FE method 

are combined to solve the optimization problems. The  energy focalization and dissipation 

of ABH effect is presented in Section 2.1. The energy of viscous dissipation is the 

objective function which is calculated by FE method. Damping layer topology design is 

explained in Section 2.2. 

2.1. Energy focalization and dissipation of ABH effect 

ABH structures can be implemented by structure tailoring and material modification 

[15]. The gradual reduction of the flexural wave velocity results in energy focalization in 

ABH structures. For the bending waves in the ABH with both diminishing thickness ℎ(𝑥) 

and elastic modulus 𝐸(𝑥), the local wave speed 𝑐𝑏(𝑥) is expressed as: 

𝑐𝑏(𝑥) = √
𝐸(𝑥)ℎ2(𝑥)𝜔2

12(1 − 𝑣2)𝜌

4

 (1) 



where 𝜔 = 2𝜋𝑓 is the angular frequency, 𝜌 is the density.  

Damping layers are introduced to dissipate the wave energy. In FE method, the 

balance of energy is written as: 

𝐸𝐾 + 𝐸𝑈 = ∫ 𝐸̇𝑤𝑓

𝑡

0

𝑑𝜏 + 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 (2) 

where  𝐸𝐾 = ∫ 0.5𝜌𝑣⃗ ∙ 𝑣⃗𝑑𝑉
𝑉

 is the kinetic energy, and 𝐸𝑈 is the internal energy, 𝐸̇𝑤𝑓 is 

the rate of work done to the body. The dissipated portions of the internal energy are split 

off:  

𝐸𝑈 = 𝐸𝐼 + 𝐸𝑣 = ∫ (∫ 𝜎𝑐⃗⃗⃗⃗⃗ ∶ 𝜀̇
𝑉

𝑑𝑉)
𝑡

0

𝑑𝜏 + ∫ (∫ 𝜎𝑣⃗⃗ ⃗⃗⃗ ∶ 𝜀̇
𝑉

𝑑𝑉)
𝑡

0

𝑑𝜏 (3) 

where 𝐸𝐼 is the potential energy, and the 𝐸𝑣 is the energy dissipated by viscous effects,  

𝜎𝑐⃗⃗⃗⃗⃗ is the elastic stress; 𝜎𝑣⃗⃗ ⃗⃗⃗ is the viscous stress defined for material damping. Thus, the 

viscous dissipation of each element over time can be calculated. 

2.2. Damping layer topology design 

It is our aim to maximize the viscous dissipation of the damping layer. The objective 

function is written as: 

                 min
                         𝑥

:  𝐸𝑣(𝐱) = ∑ 𝐸𝑣(𝑥𝑖)
𝑁

𝑖=1
 

S. T. ∶  
𝑀(𝐱)

𝑀0
= 𝑅𝑚 

                     ∶  𝟎 ≤ 𝐱𝑚𝑖𝑛 ≤ 𝐱 ≤ 𝟏 

(4) 

where 𝐱 is the vector of design variables, 𝑥𝑖 is the component for the ith element. 𝑁 is the 

number of elements of the damping layer. 𝑀(𝐱) and 𝑀0 are the material mass and full 

design domain mass when 𝐱 = 𝟏, respectively. 𝑅𝑚 is a given mass ratio. 𝐱𝑚𝑖𝑛 = 0.001 ∙

𝟏 is a vector of minimum relative material parameters. The 𝑥𝑖 are relaxed so that they can 

take all values between  𝑥𝑚𝑖𝑛 and 1, which are associated with material properties of the 

elements including the density, Young’s modulus and damping.  

The optimization problem is solved using the OC method which  is omitted here and 

can be found in the references [13,14,16]. The sensitivity of the objective function is 

expressed as: 

𝜕𝐸𝑣

𝜕𝑥𝑖
= −𝑝𝑥𝑖

𝑝−1𝐸𝑣(𝑥𝑖)/𝑉(𝑥𝑖) (5) 

where 𝑝 = 3 is the penalization power parameter so that the intermediate  𝑥𝑖  can be 

forced toward either 𝑥𝑚𝑖𝑛 or 1. Regions with  𝑥𝑖 = 1 represent material regions, whereas 

regions with 𝑥𝑖 = 𝑥𝑚𝑖𝑛 represent voids. 



3. NUMERICAL CASES AND RESULTS  

3.1. Numerical example 

A plate with an imperfect ABH indentation covered with a damping layer is 

conducted as an example.  The FE model is shown in Figure 1, the thickness of the ABH 

area gradually changes according to the function ℎ(𝑟) = 𝑎(𝑟 − 𝑟1)𝑚 + ℎ1. The radius  𝑟1 

and thickness ℎ1 of the central plateau are 0.01m and 0.3mm, respectively. The radius of 

the ABH is 0.1m. The size of the plate is 0.22 × 0.22 × 0.003m. The design domain is 

the damping layer covering on the flat side of the ABH plate, the thickness of the layer is 

0.001m. The mesh of the damping layer is shown in Figure 1(b), the number of the 

elements which is also the number of the design variables is 6128. The element type is 

C3D20R. A list of the material properties used in the FE model is provided in Table 1. 

 

Figure 1 FE model. 

Table 1 Material properties. 

 𝐸(GPa) 𝜌(kg/m3) 𝑣 𝜂 

𝛼 𝛽 

Plate 270 7800 0.3 0.06268 1.59E-9 

Layer 1 1160 0.35 62.68 1.59E-6 

 

The structure with power-law-profiled indentation is excited by a unit Hanning-

windowed tone burst with a central frequency of 10kHz as shown in Figure 2(a). The 

right-hand-side edge of the plate is pinned and the excitation source is applied along the 

left edge as shown in Figure 2(b).  

 

Figure 2 Excitation signal (a) and the position of excitation (b). 



3.2. Results and disscusions 

The numerical results are discussed in this section. An example of the initial damping 

layer for topological optimization is demonstrated in Figure 3. The values of design 

variables are mapped to the gray-scale bar. The initial damping layer is uniform and it 

fully covers the ABH area. Its mass ratio 𝑅𝑚 is 10%. The ABH plate with the damping 

layer conducted in FE method is a fully coupled model. The viscous dissipation of the 

whole damping layer within a time period of 0.6ms (1.3𝜏) is calculated, and 𝜏 is the time 

for one-way flexural wave propagation from left to the right boundary of the uniform 

portion. This time period is chosen because the wave energy focalization is found to 

remain within a period of time about 1.1𝜏 − 1.3𝜏 [7]. Meanwhile, the position of wave 

focalization is not affected by the reflection from the boundary within this time.  

 

Figure 3 Initial damping layer. 

The traditional configuration scheme of the damping layer is presented in Figure 4(a). 

It is a circular damping layer covering the central region of the ABH area. The distribution 

of the viscous dissipation of elements is shown in Figure 4(b). Figure 4(c) and Figure 4(d) 

demonstrate the corresponding configuration scheme of the damping layer and the results 

of dissipated energy after the optimization. The optimized shape of damping layer is quite 

clear and manufacturable since only a few elements remain ‘gray’ while the others 

become either solid or void. Moreover, the solid elements with the presence of material 

have excellent space continuity. By comparing the results of viscous dissipation before 

and after the optimization, a larger region with high dissipation efficiency is covered by 

the optimized damping layer. The centroid of the optimized damping layer relatively 

moves to downstream. It is because that the energy focalization takes place at the 

downstream area offset the central part in an imperfect ABH indentation [7,8]. The results 

show great consistency with previous researches. 



 

Figure 4 Comparison of the results before and after the optimization (𝑅𝑚 = 10%). Before: (a) 

configuration scheme of damping layer, (b) distribution of the viscous dissipation; After: (c) 

configuration scheme of damping layer, (d) distribution of the viscous dissipation. 

The comparison of the results with mass ratio  𝑅𝑚 of 1% is also presented in Figure 

5. The offset of the position of the damping layer is more obvious when the mass ratio is 

smaller. The shape of the layer changes from a circle to a strip. From the results of the 

distribution of the viscous dissipation shown in Figure 5 (b) and Figure 5 (d),  the energy 

dissipation of the  elements shows significant increasing in the optimized damping layer.  

To investigate the effectiveness of the optimization under different mass ratios of the 

damping layer from 0.05% to 50%.  The normalized energy dissipation is defined as 𝐸̅ =

𝐸𝑣 [max(𝐸𝑣
′ )]⁄ , 𝐸𝑣

′  is the visous dissipation of the damping layer after the optimization. 

The improvement of the viscous dissipation is calculated as 𝛤(𝑅𝑚) =

[𝐸𝑣
′ (𝑅𝑚) − 𝐸𝑣

0(𝑅𝑚)] 𝐸𝑣
0(𝑅𝑚)⁄ , 𝐸𝑣

0 is the visous dissipation of the damping layer before 

the optimization. Results of the visous dissipation versus mass ratio are shown in  Figure 

6. It can be seen from the figure that the increasing of the coverage area raises the 

dissipation. However, the increasing trend tends to flatten out when the mass ratio is 

larger than 20%. There are no evident effects on the improvement when the mass ratio is 

larger than 20%. However, the improvement can be above 40% when the damping layer 

is small, such as the mass ratio being 0.05% or 0.1%. Since the flexural waves are focused 



in a very narrow area downstream of the central plateau by the ABH effect, it is easier for 

a larger damping layer of traditional configuration to cover the area where the wave 

energy is concentrated. The position of smaller optimized damping layer has more 

obvious deviation. Therefore, the improvement of the energy of viscous dissipation 

decreases with the increased mass ratio. 

 

Figure 5 Comparison of the results before and after the optimization (𝑅𝑚 = 1%). Before: (a) 

configuration scheme of damping layer, (b) distribution of the viscous dissipation; After: (c) 

configuration scheme of damping layer, (d) distribution of the viscous dissipation. 

 

Figure 6 Energy of viscous dissipation versus mass ratio. (a) comparison of the normalized 

energy dissipation before and after the optimization, (b) the improvement of the dissipation by 

optimization. 



4. CONCLUSIONS 

In this paper, the damping layer in an imperfect two-dimensional ABH structure is 

optimally designed to maximize the energy dissipation. The topology optimization is 

conducted, and the optimization problem is solved by combing the FE method and the 

OC method. The desired layout of the damping layer in the ABH structure is achieved 

under a burst tone excitation. The effectiveness of the optimization with different mass 

ratios of the damping layer is also investigated. Comparing the energy of viscous 

dissipation before and after the optimization, the improvement of the viscous dissipation 

increases with the decrease of the mass ratio. An increase above 40% is achieved when 

the mass ratio of the damping layer is smaller than 0.1%. 
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